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1 Introduction 1

Abstract

The potential of nuclear fusion as an option for the production of clean energy prompts the need
for plasma confinement devices. Addressing this need, this work focuses on fusion devices of the
stellarator type. Historically, this device has been computationally optimized using a two stage ap-
proach that independently finds a target magnetic field that confines the plasma and then finds a set
of electromagnetic coils that recreate such field. However, the second step is an ill-posed problem
which can lead to insurmountable engineering challenges. In this work, a novel single-stage ap-
proach is considered, where the traditional two steps are performed simultaneously with multiple
iterations. There are shown two different stellarator configurations with quasi-isodynamic symme-
try and a stellarator with the maximum-J property, leading to a microstable type of turbulence.

1 Introduction

Nuclear fusion is a promising candidate as a future source of mass production of clean and safe energy.
Nuclear fusion reactions are the main source of energy for stars, such as our Sun, and occur when
two atomic nuclei combine to form a heavier atomic nucleus in addition to other products, namely
neutrons and, most notably, energy. In order for a fusion reaction to take place, the nuclei need to
overcome the large scale Coulomb force, due to their equal sign charges, so that they can be brought
close enough together to be bound by the smaller scale attractive force between them. This process
results in a modest decrease in mass, which in turn releases energy according to Einstein’s famous
formula E = mc?.

A possible way known to harness this energy is by magnetic confinement of matter in which these
reactions often take place - the plasma. Different magnetic confinement devices have been explored
over several years with two toroidal configurations standing out: the tokamak and the stellarator,
both invented in 1951.! In both devices the fusion confinement of the plasma is produced by a twisted
toroidal magnetic field. However, in tokamaks this field is created by a toroidal plasma current whilst
in stellarators it is produced by non-axisymetric coils, that is, they do not exhibit symmetry around an
axis. Opposed to the stellarator, the tokamak is axisymmetric, thus confining all colisionless particle
orbits, resulting in very good plasma confinement. Nonetheless, the necessary current can make them
susceptible to current-driven instabilities and burdensome to operate in steady state. The stellarator’s
non-axisymmetry thus means that, in general, the plasma confinement is not as optimal, which can be
mitigated by proper magnetic field optimization, but with the added value that the absence of current
makes it intrinsically viable to operate in steady state.

The production and development of these devices in an economically viable way has proven to
be a very demanding endeavour, with countless factors that determine their performance. For the
reactions to occur, the plasma must be confined at extremely high temperatures and densities for
long timescales. Thus, it is crucial to have a magnetic field that best assures the conditions necessary
for these processes to occur as well as optimal coils that are able to generate such field. One key
aspect of the stellarator is that it has much more plasma flexibility in comparison to other devices,
which while theoretically desirable, comes at the unwanted cost of increasing complexity in the coils.
This characteristic leads to higher cost in the production of the physical devices questioning their
economical viability. Hence, to diminish this problem, it is imperative to explore methods that can
optimize the coil designs while also maintaining the performance of the plasma.?

Stellator optimizations are regularly performed computationally, although analytical approaches
have been used (see Ref. [4]). Traditionally, stellarator optimization is accomplished with a two stage
approach.” The first stage consists on obtaining the wanted properties of the target magnetic field
equilibrium and the second focuses on finding a set of electromagnetic coils that can recreate such
field. The second stage is, however, an ill-posed problem, because there are many possible coil config-
urations that can produce the same target field.® This can make it challenging to determine the optimal
coil configuration for a given stellarator, because a slight modification in the plasma boundary may
demand a significant adjustment to the coil geometry. Therefore, since the target magnetic field cannot
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be changed, the coil design that is achieved as a product of the second stage of the optimization can be
economically impracticable or even present an unrealistic challenge to the fabricator, due to the degree
of complexity that it can reach. This would require another target field, leading to the restart of the
process with the same uncertainty surrounding the viability of the coil production.

These challenges and difficulties may be resolved if a single-stage optimization approach is con-
sidered, in which the target magnetic field and its accompanying coils are varied at the same time.
This way, there can be a balance between the plasma performance and the coil complexity, aiming to
create a stellarator design with optimal confinement without creating an unrealistic engineering chal-
lenge for the electromagnetic coils.> This work expands on the recent preliminary results in vacuum
obtained in Ref. [3]. Besides being only applicable in vacuum, Ref. [3] showed that there is still much
room for improvement with regard to quasi-isodynamic stellarators (Section 2.3), since it was only
found one configuration, for a single magnetic field period, that is far from optimal. Consequently,
exploring this novel approach for quasi-isodynamic stellarator optimization is the primary goal of this
project. In addition, it is also explored a desired stellarator property, known as maximum-7, aiming
to obtain a configuration that possesses it.

2 Materials and Methods

2.1 Governing equations

In order to guarantee a good design of a magnetic confinement device one obviously ought to take
special care in the construction of the confining magnetic field. The goal of a tokamak or a stellarator
is to confine a plasma with a certain pressure p by utilizing a magnetic field B. This is possible due to
the fact that the plasma has a current density, J, that produces a magnetic force being able to balance
the pressure force of the plasma.? Then, according to Ampére’s law, in steady state, V x B = ],
where the ponderomotive term has been neglected due to the fact that relativistic effects are not being
considered.

Magnetic confinement fusion devices possess external coils that create most of the magnetic field.
However, part of it is modified by the intrinsic plasma current. In order to achieve confinement, the
necessary plasma current is given by the magnetohydrodynamic (MHD) equation of motion in steady
state (9; = 0) without plasma flows

] x B=Vp. 1)

From this equation follows that both B and J lie in surfaces of constant pressure, since both are per-
pendicular to the pressure gradient

J-Vp=B-Vp=0. 2

Poincaré index (hairy ball) theorem states that a compact surface tangential to a non-vanishing vector
field without any singularities must have the topology of a torus.> 78 Nevertheless, even though it
would be desirable, a purely toroidal magnetic field, on its own, is not able to supply sufficient con-
finement due to the resulting vertical drifts imparted to the particles. Hence, arises the need to add a
poloidal component that is able to eliminate these. In essence this creates a helical field which can be
generated by eletromagnetic coils in the case of the stellarator.!

Now it rises the question of how the stellarator is able to produce a helical magnetic field without
a current running through the plasma to generate a poloidal twist. This so-called twist is normally
represented by the rotational transform (¢), which globally indicates how many poloidal turns a cer-
tain field line makes during each toroidal turn around a surface of constant pressure, know as a flux
surface.? At lowest order in the distance to the axis, the rotational transform can be written as

1 Lol , dl
L_E/O [23—(cosh17—1)d -7 cosh —N, (©))
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with J; = J - B/B, n the elongation of the flux surface, d the angle of rotation of the surface as a
function of the distance along the axis / and 7 the axis torsion. This representation tells us that there
are several ways of producing a rotational transform. The first term of the integral contributes to :
with a parallel plasma current, which is how the poloidal magnetic field is produced in the tokamak.
The other terms are, respectively, the rotation of the poloidal cross-section of a flux surface when going
around the torus in the toroidal direction and the torsion of the magnetic axis which is the innermost
flux surface, that turns out to be just a line. These methods require breaking axisymmetry and are
therefore usually used on stellarators.

In plasma confinement the best-case scenario is when the flux surfaces are nested, meaning that
they lie inside each other. One useful way to describe this is by using magnetic coordinates, in which
a particular coordinate remains constant on the surfaces that have a constant pressure, leading to the
simplification of B on the coordinate system by using Eq. (2), and the field lines are straight in relation
to the other coordinates.? ° This way, there is a certain coordinate choice that will be used from now
on, the Boozer coordinates, where B becomes B = Vi x VO + Vo x Vip = I[(p)VO + G(p)Ve +
B(y,0, 9) Vi, with ¢ being the coordinate that is constant in the flux surfaces, 6 the poloidal angle, ¢
the toroidal angle, G the poloidal current, I the toroidal current and § a function proportional to the
amount of pressure in the plasma.

2.2 Codes used

The main code used for the single-stage optimization process uses several different methods to obtain
stellarator configurations, being able to perform the traditional two stage approach and also the novel
single-stage one. It is open source and available in a github repository.'?

In this single-stage process, a target magnetic field and the coils that produce it are varied simulta-
neously. The magnetic field equilibrium is obtained using the Variational Moments Equilibrium Code
(VMEC)!! that solves Eq. (1). The eletromagnetic coils are optimized using the SIMSOPT software.!?
These codes are now described in detail.

VMEC assumes a toroidal equilibrium with nested flux surfaces, using the steepest descent method
1 to find a minimum in the potential energy W resulting from an integral formulation of Eq. (1)

B, P
W= — +——]dV 4
/ <2}40 + I'—1 ! ( )
with I' = 5/3 being the ratio of specific heats and V the integration volume.? In this work, VMEC is
ran in fixed boundary mode where the boundary flux surface S is fixed. Its coordinates are given by

Fourier series (S = [R(8, ¢) cos(¢), R(9, ¢) sin(¢p), Z(8, ¢)]) being specified in a cylindrical coordinate
system by their Fourier amplitudes {RBC,, ,, ZBS;, . }

MP°1 Ntor
R(®,¢) =Y. Y  RBCyucos(md—ngng), 5)
m=0 n=—Njor

and Z(9, ¢) is similar with ZBS,,,, as coefficients and a sin function, where ¢ is the standard cylindri-
cal angle, ¢ is a poloidal angle, and ng, is the number of toroidal field periods of the magnetic field
equilibrium.> An important property of S is its aspect ratio, which is related to the stellarator’s volume
in the sense that it is the quocient between the stellarator’s major radius, which in this work is fixed
as 1, and the minor radius, which is varied during the optimization.

In this process, each coil ') is modeled as a closed, smooth curve in three dimensional space,
represented by a periodic function and depicted as a Fourier series truncated at a number of Nr terms,
namely!? 14

r =, i, 11 [0,27) - R3, (6)
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where

by {C(Zl) cos(10) + s](”l) sin(l@)} . (7)
This representation yields 3(2Nr + 1) degrees of freedom per coil.

In stellarators, a certain kind of symmetry, generally called stellarator symmetry, is usually im-
posed to reduce in half the number of coils and surface modes that one has to optimize. In a cylindrical
coordinate system this can be expressed as ¥(R, ¢, Z) = (R, —¢, —Z). An ng, rotational symmetry is
also imposed, with (R, ¢, Z) = (R, ¢ +271/ng, Z). One then places N¢ independent coils encircling
half of a field period, as the remaining ones can be found by performing simple transformations of the
independent coils according to the symmetries, bringing the total number to 2ng, Nc.

The previously mentioned coil representation treats these as current-carrying filaments (the thick-
ness of the coils is neglected).? The goal is to reproduce the equilibrium target magnetic field with the
coils. The created field is evaluated using the Biot-Savart law

Mo ; A1) x r
Bo(x) = 22 )7 10 [ ST, ®)

where I is the current in the ith coil T), d1() = x§d9 is the differential line element, 6 is an angle-
like coordinate that parametrizes the coil curve (not to be confused with the stellarator’s poloidal
angle) and r = X — x; is the displacement vector between the evaluated point on the surface and the
J(il)'sj(‘il)fl(i)]-

’

differential element. Thus, the degrees of freedom for the coil shapes are X iis = |
In order to find appropriate coils, x s are varied to minimize the field error, which is simply
the magnitude of the normal component of the magnetic field induced by the coils on the boundary
surface.!* This approach, usually termed FOCUS-like optimization (Ref. [14]), has already produced
excellent results allowing for simple coil shapes with very low field errors.!® > This minimization is
accomplished by using the quadratic flux, fqr, as a cost function, where fqF is given by

fF:/(Bext'n>2dS )
Q S ’Bext| ’

with Bext = Bext(Xcoils) and n = n(S) is the boundary surface unit vector. The ultimate objective is
to obtain for = 0, which would mean that the field produced by the coils was perfectly matching
the target magnetic field. However, as previously mentioned in Section 1, the electromagnetic coils
problem is an ill-posed one. Due to this, it becomes imperative to limit the possible coil shapes by
introducing penalties related to the coil complexity using the method described in Ref. [13]. Hence,
regularization terms are imposed, such as a maximum length for each coil, a maximum curvature
and a minimum distance between adjacent coils. These are all added to fqoF creating what is called

an objective function, which one wants to minimize as much as possible in order to obtain the most
optimal coil configuration.

2.3 Omnigenity and Maximum-7 configurations

As mentioned in Section 1, the stellarator has a non-axisymmetric magnetic field which in general
leads to inferior confinement of trapped particle orbits and does not guarantee the existence of nested
magnetic flux surfaces.!® Unrestricted paths of orbiting particles may create a significant issue in a
reactor setting. This is due to the fact that the uncontrolled movement of energetic alpha particles can
result in collisions with the first wall before thermalizing, causing harm to the components that face
the plasma, which is not tolerable. Therefore, one key aspect regarding the optimization of stellarator
devices during recent years has been the quality of particle confinement, where the sought out limit
where every collisionless trajectory is confined is known as omnigenity. More accurately, omnigenity
means that the radial guiding-center drift velocity averages to zero over time for all particles, with the
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drift velocity being given by v; = vﬁB x 1/ (QB) + 0% (B x VB)/(20B?), where v and v are the
parallel and perpendicular components of the particle’s velocity to the magnetic field line, x = b - Vb,
b = B/B, with B = |B| and Q) = ZeB/mc is the gyrofrequency, where Z is the species charge in units
of the proton charge e, c is the speed of light and m is the particle’s mass.!” It is worth noting that there
are also other equivalent definitions of omnigenity, such as the one in Ref. [18].

One way of obtaining omnigenity is via quasi-symmetry. A magnetic field is defined as quasi-
symmetric if there exists an invariant direction for B in Boozer coordinates.> ¥ This will lead to con-
servation of canonical angular momentum, which means that P = —gy + mv| G/ B is constant, where
q is particle’s charge and G is the poloidal current. A particle’s drift is represented as Ay and in this
case is just hA(v G/B), with h = m/q being constant. The poloidal gyroradius is proportional to
mv| G/qB and so, the conservation of angular momentum guarantees that the drift away from a given
flux surface is only on the order of the poloidal gyroradius, which implies omnigenity.17 This can also
be expressed as B varying on a surface of constant pressure only through a fixed linear combination
of the toroidal and poloidal angles defined in Boozer coordinates, B = B(y, M@ — N¢), where the
coefficients M and N are integers. If N = 0 the stellarator is said to have quasi-axisymmetry (QA) and
if N # 0 it has quasi-helical symmetry (QH).

Another form of omnigenity is given by quasi-isodynamic (QI) stellarators, the main focus of this
project. For an ideal perfectly constructed QI magnetic field with ng, field periods one has to satisfy
J (v4 - n)dt = 0 with poloidally closed contours of B. The difference between QI and quasi-symmetry
is simply because in the latter all contours of B must be straight lines as opposed to only the ones of
maximum B. Furthermore, in QH, the contours close helically, whilst in QA they close toroidally. If
the B contours are straight and also close in the poloidal direction rather than toroidally, the field has
quasi-poloidal symmetry, which is impossible to obtain next to the magnetic axis and has proven to
be very arduous to find during optimization. Thus, as the conditions are much less strict for QI, it
could be a favourable alternative.!® The currently larger stellarator in operation, the Wendelstein 7-X
(Greifswald, Germany), possesses approximate QI symmetry.'

Another way of defining omnigenity is through the parallel adiabatic invariant (7). If a particle
is unable to enter areas with magnetic field strength B > By;;, it is defined as trapped and thus it will
move along some fieldline between points [; and I, where the magnetic field strength is Bj;,,. In this
scenario, the particle’s J can be written as!8

I
j:/l1 moy dl, (10)

where m is the particle’s mass and [ is the geometric length along that field line. In the absence of an
eletric field, for a particle with a constant Hamiltonian # = mv?/2, v is given by +vV2H /m \/ 1—uB/H,
with y = mv? /2B being another invariant of the particle’s motion.

Due to the fact that vy = 0 when B = Bj;;;, and since H, p and m are constant for collisionless

particles, J can be written as v/2Hm fliz V1—ABdl , with A = 1/By;, = u/H. In a perfect omnige-
nous field, 0.7 /da|y\ = 0,V, A, &, where & = 6 — 1¢ is constant along the magnetic field and usually
termed a field line label. The maximum-J property of a field is such that 7 decreases as a function of
¥, which is simply d4,J < 0, turning out to be desirable in stellarators because it minimizes trapped-
particle instabilities, resulting in a better performance. The reason behind this stems from the fact
that if one were to consider a plasma instability that moves a particle radially outwards by Ay, that
process would in fact cost energy if d,J < 0, not being as likely to occur. Therefore, the maximum-7
property is beneficial for stability. This concept is thoroughly explained in Refs. [20, 21].

In order to obtain stellarators with this property, a code was developed to calculate [ and its
derivative given an input VMEC file, containing the characteristics of the plasma. This code was
later included in the single-stage optimization code as a way to perform optimizations targeting this
maximum-. property. The available surfaces in the file are finite, which means that the plasma does
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not have a continuous description in the ¢ coordinate, making it impossible to calculate a reliable
numerical derivative. Due to this, for every configuration, an interpolation is made in this coordinate
with the available surfaces, in order to calculate the derivative. The code calculates, for a given flux
surface, the points where v = 0, called turning points, to set the limits for the subsequent calculation
of J using Eq. (10). Then, the process is repeated for a flux surface at a small distance ¢ away from the
original surface, so that the two values of J can be used to calculate the numerical derivative.

3 Results

Henceforth are shown the results using the single-stage optimization approach to obtain a fixed bound-
ary equilibrium that accurately reproduces the magnetic field created by the external coils and that
minimizes an overall objective function. This approach helped obtain two quasi-isodynamic stellara-
tors and a configuration with the maximum-.J property. The objective function is the result of the
weighted sum of the second stage objective function, discussed in Section 2.2, and the stage 1 objec-
tive, which takes into account how close a configuration is to quasi-symmetry or quasi-isodynamicity
and to the target aspect ratio and, in the case of maximum-J optimizations, how close it is to a target
for a¢j .

All the results in this work are obtained in vacuum fields, making it possible to use Poincaré plots
to verify the accuracy and consistency of the results. These plots are merely cross-sections of the
magnetic field lines obtained using the magnetic field from the resulting coils, with the Biot-Savart
law. To verify that the fixed boundary equilibrium obtained reproduces the magnetic field from the
coils, a quadratic flux minimizing surface, or QFM, is created from the resulting coils and is compared
to the original equilibrium. These are surfaces that minimize

2 27/ ng, L2
f(5) = JoJo T(B-n)*dode 1l orM) - VoIS, (1)

J&E M B2dedg

having no constraints on the angles that parametrize the surface, with Vol(S) being the volume within
the fixed boundary surface S and Vol(QFM) the volume within the QFM surface. In the final part
of the verification process, the fixed boundary and QFM surfaces are both compared simultaneously
with the Poicaré plots. One aims to obtain a configuration where all 3 of these plots coincide.

Firstly, it is shown the optimization of two quasi-isodynamic stellarators with one field period
and an aspect ratio of 7.0. In a stellarator, the higher the minor radius the more plasma there is,
allowing for more particles and more collisions, making it more efficient to harness energy. With
this in mind, it would be beneficial for the aspect ratio to be as low as possible. However, during
preliminary optimizations, it was notable that lowering the aspect ratio meant that it was significantly
more arduous to obtain a better quasi-isodynamic configuration. Generally, lowering the aspect ratio
tends to make it more difficult to achieve better quasi-symmetry, as it can be seen in Fig. 4.

In order to obtain these configurations, it was used a set of 8 independent coils with a total of 16
Fourier modes (Nr), where the only difference between configurations was the maximum length used
for each coil. The values chosen were 5.5 and 7.0, both with a minimum distance between coils of
0.12. For the results of the single-stage optimization with maximum length 5.5, the same length used
in Ref. [3], the total objective was 5.8 x 1072 and the total squared flux (see Eq. (9)) was 4.2 x 1077,
with an average value of B - n of 8.3 x 107°. The results can be seen in Fig. 1. For the maximum
coil length of 7.0 the results are shown in Fig. 2. The final total objective was 7.4 x 1073 and the total
squared flux was 3.0 x 10~7, with an average value of B - n of 1.0 x 10~%. The Poincaré plots, the
fixed boundary and QFM surfaces are all also shown for each configuration, as well as the contours of
constant magnetic field strength in Boozer coordinates. As it is clear from Fig. 2, the Poincaré plots do
not agree with the QFM surfaces and the final equilibrium at the boundary, revealing the importance
of not only comparing the results with the QFM surfaces but also always with the Poincaré plots.
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FIGURE 1: QI stellarator with 5.5 maximum length for each coil. Left: result of the single-

stage optimization. Upper Right: superposition of the Poincaré plots, the QFM surfaces

and final equilibrium. Lower Right: contours of constant magnetic field strength on a
surface at s = 0.105 in Boozer coordinates.

Additionally, it is shown the optimization of a stellarator which has the maximum-7 property
(Fig. 3). To confirm this, several derivatives were calculated for different values of A in the surfaces at
s =1 /¢, =5/16 and s = 10/16, with ¢, being the value of the i Boozer coordinate at the boundary,
which were all lower than —0.15. The quasi-symmetry residuals from the stage 1 objective were 0.18,
whereas the total final objective was 15. The final squared flux was 1.6 x 10~* with an average value
of B-nof1.7 %1073,

4 Conclusions and next steps

From the QI configurations found it is clear that this single-stage optimization method is very effective.
Comparing the results of the 5.5 maximum length configuration to the ones obtained in Ref. [3] there
was a slight improvement in the squared flux, which was previously 4.4 x 10~7. The QFM surfaces
also line up perfectly with the single-stage final equilibrium, showing an agreement with the Poincaré
plots. In the second configuration, despite having a lower squared flux, the QFM surfaces show a
higher deviation from the final equilibrium. However, there still is an agreement with these and the
Poincaré plots along most of the volume surface, with some outliers in the boundary as previously
mentioned, which seem to appear frequently in QI optimizations, even for larger coils. It is clear from
the obtained configurations that the second one has much more complex coils, which was expected
given that increasing the maximum length also increases the freedom of the coil shape. The first one
seems to have much simpler coils, appearing possible to recreate physically. Finally, both displays of
the contours of constant magnetic field strength show the QI character of the configurations.

The maximum-7 configuration obtained is clearly not optimal. From the images it is evident that
the field produced by the coils matches much more poorly with the target magnetic field in compar-
ison with the QI configurations. The single-stage optimization was run to achieve a QA stellarator,
however, from the resulting quasi-symmetry residuals and the contours of constant magnetic field
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strength, one can understand that the result does not possess quasi-symmetry when compared to the
existing optimized stellarators of this type (see Ref. [3]). Nevertheless, this result shows that the
developed maximum-J code is able to obtain turbulence-optimized configurations.

— QFM —— Single-Stage +  Poincare
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and final equilibrium. Lower Right: contours of constant magnetic field strength on a
surface at s = 0.105 in Boozer coordinates.
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A natural next step would be to possibly understand the erratic behaviour of the Poincaré plots
near the boundary for some QI configurations, attemping to obtain even better stellarators. For the
maximum-.J property it would be interesting to try to obtain one configuration with good quasi-
axisymmetry or quasi-helical symmetry or, alternatively, prove theoretically that those are impossible
to achieve, since it is conjectured that only QI stellarators can be maximum-.7. It would also be inter-
esting to upgrade the single-stage optimization code to include finite plasma pressure optimizations

Single-stage optimization/Jodo RODRIGUES



References

and also to discard optimizations where the coils intercept each other, given that those configurations
are impossible to recreate in the real world.
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